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These are (very) preliminary results from a mathematician 
hoping to do more work in mathematical biology.  
Englander et al have modeled the transcription fork of DNA 
as a soliton of a discrete sine-Gordon model.  Here I will 
propose that when the sequence is taken into account, such 
a model may help to explain the existence of introns and 
codon bias.  Feedback and suggestions would be greatly 
appreciated.



KdV Solitons
J.S. Russell observed a persistent, solitary 
wave on a canal in 1834.  These are modeled 
by the KdV equation (1895), a nonlinear PDE.  

Essentially, all localized disturbances are 
treated by the KdV equation as an interaction 
of these particle-like humps.  See [1,2].

Amazingly, the existence of soliton solutions 
seems to be tied to integrability, allowing us to 
find exact solutions to nonlinear dynamical 
systems.

Note that in this “collision” 
of KdV solitons,  they do not 
simply pass through each 
other, but actually divert 
the path slightly.

tim
e

space

soliton
profile



Sine-Gordon and DNA Models:

Eqn (1) is the sine-Gordon equation used in particle physics. 

It has exact soliton solution (2) and also anti-soliton solutions.

Englander modeled DNA dynamics using (3) where continuous space x has been 
replaced by discrete bases, n.  See reference [3].

Finally, Salerno [4] added n-dependent bond strength en to allow sequence to affect 
dynamics (4).  If en=5/2 then (4) becomes (3).   Biologically, en ε {2,3}.

Physical model of (3).  Note that the value of Φ is 
an angle so that 0 and 2π describe the same “rest 
state” and other values involve some “twist”.



The DNA code is made up of A,C,T and G where A and T have 
bond strength en = 2 and C or G have bond strength en = 3.

DNA Code is redundant but biased:  For instance, TTA and CTG 
both represent leucine.  However, living cells demonstrate a 
bias...some mechanism seems to prevent random selection of 
codons.  (See [5]-[9] in references.)

Often, in the middle of a sequence encoding a protein, an 
“intron” appears which does not belong in that protein.  The 
cell is able to snip out this unwanted piece, but why is it there 
in the first place?  It could be non-optimal result of evolution, 
but nonlinear dynamics suggests a functional explanation. 

Codon Bias and Introns



Numerical Integration
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If S=(O,O,O,...) then the soliton just 
travels along the molecule 

smoothly.



Codon Selection Makes a Difference
The amino acid arginine has the codon CGC which is 333 as well as the codon AGA which is 232.  
Similarly, Leucine can be TTA (222) or CTG (323).  If we select a sequence in which repeating low 
energy leucine is followed immediately by high bond strength argenine bonds the soliton is effectively 
stopped before completing the sequence, but if the other codon selections are used it works just fine:
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They encode the same protein, but transcription fails on the left.



Future Plans
Better in silico experiments, either using a more sophisticated 
numerical algorithm or a more realistic DNA model.

Demonstrate that inserting an intron as a preconditioning 
sequence can allow soliton to continue past a “bad” segment.

Search real sequence databases for statistical evidence.

Perform in vitro experiments (with a biologist) to demonstrate 
that apparently equivalent sequences can be transcribed with 
different rates of efficiency. 
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Conclusions Although the model and the numerics here are not very sophisticated, this still serves 
as a proof of concept.  If nonlinear dynamics induced by the molecular attraction of 
the bases is involved, then the particular sequence may affect the efficiency (or 
possibility) of transcription.  As we’ve seen here, this could provide a functional role 
for codon bias or introns not previously considered by biologists.  (Then again, I could 
be completely wrong!  Your advice, suggestions would be greatly appreciated.)


