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ABSTRACT. A set of functions is introduced which generalizes the famous Schur
polynomials and their connection to Grasmannian manifolds. These functions
are shown to provide a new method of constructing solutions to the KP hier-
archy of nonlinear partial differential equations. Specifically, just as the Schur
polynomials are used to expand tau-functions as a sum, it is shown that it
is natural to expand a quotient of tau-functions in terms of these generalized
Schur functions. The coefficients in this expansion are found to be constrained
by the Pliicker relations of a grassmannian.

1. Introduction

The KP hierarchy of nonlinear partial differential equations is an important
example of the interplay between dynamics and geometry. As dynamical systems,
the equations of the KP hierarchy are used to model everything from ocean waves to
elementary particles. However, the underlying mathematical structure is extremely
geometric, being intimately related with the moduli of vector bundles over complex
projective algebraic curves, coordinate systems for differential geometric objects,
and especially the geometry of Grassmannian manifolds.

In this paper, a new set of functions is introduced which generalizes the well
known Schur polynomials [21, 24, 30]. Like the Schur polynomials, these N-Schur
functions are shown to be relevant to the KP hierarchy and directly related to its
underlying geometric structure.

The remainder of this introduction contains a motivating example followed by
a review of the theory of the KP hierarchy. Section 2 provides new definitions while
Section 3 contains the new results. The paper concludes with a brief discussion in
Section 4.

Acknowledgements: I appreciate many helpful discussions with M. Bergvelt,
F. Sottile, G. Wilson and especially E. Previato. And, of course, I am grateful to
the anonymous referee for helpful comments and to K. Kuperberg for organizing
the Session on Geometry in Dynamics at the 1999 Joint Mathematics meeting in
San Antonio, Texas at which these results were first presented.

1991 Mathematics Subject Classification. Primary 58B25 Secondary 14M15 35Q53.
This research was supported by an MSRI Postdoctoral Fellowship.

©0000 (copyright holder)



2 Alex Kasman

1.1. An Example. Consider the nonlinear partial differential equation known
as the KP equation:

(1.1) KP[u(z,y,t)] := %uyy — (ut — i(ﬁuuz + uwm)> =0

xr
This equation was originally derived in [12] as a model in fluid dynamics and con-
tains as a one dimensional reduction (assuming u, = 0) the famous KdV equation
[17]. This equation shows up in many applications, for instance in describing ocean
waves [31]. Moreover, although it is clearly an infinite dimensional dynamical sys-
tem, it also contains as appropriate reductions certain classical finite dimensional
Hamiltonian particle systems [13, 18, 19, 27, 28, 33, 36]. Forgetting about its
many applications, this equation may not appear to be significantly different than
other nonlinear PDEs. However, it actually is a remarkably special sort of equation
in that it is completely integrable. This term has technical meaning, but here it
will be used loosely to mean only that we can write many explicit solutions to this
equation and even exactly solve the initial value problem for certain general classes
of initial conditions (cf. [8]).

If the equation were linear, we would have a geometric interpretation for the
set of solutions as a wvector space. However, since (1.1) is nonlinear, we do not
initially have any geometric notion of the solution space. The following example
will demonstrate the sense in which solutions to the KP equation can similarly have
the structure of an algebraic variety.

It is well known that one may construct solutions to the KP equation from
Schur polynomials (cf. [30]). The main result of this paper is a generalization
of this result. Without any explanation, let me provide you with six solutions
constructed from the generalized Schur functions to be introduced below. Define

_373
o = exp (m) n=l

L +3) T(1)T(2) (

—2%g (3Ai(0)2 - Bi(0)2)
o= NS (—6xAi(0)2 — 4V/32Ai(9)Bi(9)
—24Bi(0) + 45 (1 + 3t)* (3Ai’(6)2 +2V/3Ai'(6)Bi' (6) + BY' (9)2))

= __+—§)(—3(2%)\/53;Ai(0)2+6(2%)xA1(9)Bi(9)

)
—25\/32Bi(6)> + (1 + 3t)° <3\/§Ai’(9)2 — 6AY'(6)Bi'(8) + V3BY (9)2))

o=

(1+30)5T(LT(Q2) , o
o= —y+ T (_m(sAl(o) _Bl(a))

+(1+3t)° (347(9)° - B (9)°))
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—w(1+3) 5, (3+90)i0(2)°

T = ey (63:Ai(6)2 + 4v/32Ai(9)Bi(9)
+22Bi(8)” — 25 (1 + 3t)% (3Ai’(6)2 +2V3Ai'(6)Bi' (6) + BY' (9)2))
and .
h— 2T
(1+3t)3

Here Ai and Bi are the standard Airy functions satisfying the differential equation
f"(x) = zf(x) and having Wronskian determinant 2/(v/3T(1/3)T'(2/3)). Then note

that each function
2

wiley,8) = 20 log(mo(e,t) #7i(w,0,0)  (1<i<0)

is a solution to the KP equation!. The point here is not to understand how these

solutions were found (this will be explained later), but rather to see the way in

which they demonstrate the algebro-geometric structure underlying the equation.
Consider an arbitrary linear combination of these tau-functions:

6
T(2,y,t) == To 271',-7',- m €C
i=1

and the corresponding function u(z,y,t) = 20?/0z*(log7). We know that this
function is a solution to (1.1) for certain choices of the coefficients 7;; in partic-
ular all but one could be equal to zero. Do any other combinations lead to a KP
solution?

If every such combination gave a solution, then this would be a six-dimensional
vector space of solutions. This is certainly not the case since, for instance, one
cannot have all m; = 0. Let us naively answer the question by simply inserting?
this function u(z,y,t) into Equation (1.1). One finds, after algebraic simplification,
that KP[u] = 0 is nothing but the homogeneous algebraic equation

T1mg — W3mys + woms = 0.

This particular algebraic equation describes a well known projective geometric ob-
ject: the Grassmannian Gra 4 [11].

The rest of this paper will attempt to explain this example, describe the way
in which one can do the same to obtain the equations for any finite dimensional
Grassmannian, and especially to emphasize its connection to the N-Schur functions.

1.2. The KP Hierarchy. To understand the structure underlying the inte-
grability of (1.1), it is convenient to consider the KP equation as only part of an
infinite hierarchy of equations, and to consider the variables z, y and t as only the
first three variables in a hierarchy of infinitely many variables.

The KP hierarchy is an infinite set of compatible dynamical systems on the
space of monic pseudo-differential operators of order one. A pseudo-differential

!That the function u; = —2x/(3t + 1) is a solution is simple enough to check by hand. I
might suggest using a computer to verify the other solutions.
2 Again, use a symbolic algebra computer program such as Mathematica. Actually, as the
experts know, it is easier to use the bilinear form (cf. [7]):
3

32y + 202 . 0
—TTyy — —T, TeTt — TT. —Tre — TaT: —TT, =
1 Yy 4 y x Tt xt 4 T zTzxxx 1 TTTT

of the KP equation rather than (1.1).



4 Alex Kasman

operator is a Laurent series in the symbol 0 with coefficients that are functions of
the variable z. The multiplication of these operators is defined by the relationships

dof(z)=f@)d+ f'(x) 9 'of(zx)=f(x)d ' —f(x)d 2+ f"0°+---

In other words, & = d/dz and 07! is its formal inverse. Contained within the ring
of pseudo-differential operators is the ring of ordinary differential operators, those
having only non-negative powers of 0.

An initial condition for the KP hierarchy is any pseudo-differential operator of
the form

(1.2) L=0+w ()0 +wy(z)0 2 +---.
The KP hierarchy is the set of dynamical systems defined by the evolution equations

(1.3) %/_: =[£,(LYy]  i=1,2,3,...
K3

where the “+” subscript indicates projection onto the differential operators by
simply eliminating all negative powers of @ and [4,B] = Ao B— Bo A. In fact,
since all of these flows commute (for ¢ = 1,2,...) one can think of a solution of the
KP hierarchy as a pseudo-differential operator of the form (1.2) whose coefficients
depend on the time variables t1,%2,... so as to satisfy (1.3). (Note also that the
first equation, ¢ = 1, leads to the conclusion that ¢; = x so these names will be
used interchangeably. Similarly it is common to use y = t5 and ¢t = t3.)

1.2.1. The Tau-Function. Remarkably, there exists a convenient way to encode
all information about the KP solution £ in a single function of the time variables
t1,to,.... Specifically, each of the coefficients w; of £ can be written as a rational
function of this function 7(t1,%2,...) and its derivatives [30]. Alternatively, one
can construct £ from 7 by letting W be the pseudo-differential operator

N S Wy =
W—TT(tl 0 ,t2 26 ,)

and then £ := W 09 o W' is a solution to the KP hierarchy [1].

Every solution to the KP hierarchy can be written this way in terms of a
tau-function, though the choice of tau-function is not unique. For example, note
that one may always multiply W on the right by any constant coefficient series
1+ O(0~1) without affecting the corresponding solution. More significant to the
present paper is the elementary observation that multiplying the tau-function by
any constant will not change the associated solution. So, it is reasonable to consider
two tau-functions to be equivalent if they differ by multiplication of a constant
(independent of {¢;}). Then, like the Pliicker coordinates of a Grassmannian [11],
the tau-function is uniquely defined only up to this projective equivalence.

1.3. Significance of the KP Hierarchy. If £ is a solution to the KP hier-
archy then the function

_ 0 07 1
w(z,y,t) = —2%w1(m,y,t,...) = 2@ ogT
is a solution of the KP equation (1.1). Moreover, many of the other equations that
show up as particular reductions of the KP hierarchy have also been previously
studied as physically relevant wave equations. The KP hierarchy also arises in string
theories of quantum gravity [22], the probability distributions of the eigenvalues of
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random matrices [2, 35], and the description of coordinate systems in differential
geometry [9].

Certainly one of the most significant comments which can be made regarding
these equations, which is a consequence of the form (1.3), is that all of these equa-
tions are completely integrable. Among the many ways to solve the equations of
the KP hierarchy are several with connections to the algebraic geometry of “spec-
tral curves” [5, 20, 25, 26, 30]. (Conversely, through this same correspondence
the KP hierarchy provides an answer to the famous Schottky problem in algebraic
geometry [23, 32], representing another direction to the interaction between dy-
namics and geometry.) However, more relevant to the subject of this note is the
observation of M. Sato that the geometry of an infinite dimensional Grassmannian
underlies the solutions to the KP hierarchy [29].

1.3.1. N-KdV and the Vector Baker-Akhiezer function. Of particular interest
below are the solutions £ of the KP hierarchy that have the property that L =
LN = (£N), is an ordinary differential operator. We say that solutions of the KP
hierarchy with this property are solutions of the of the N-KdV hierarchy. One can
easily check from (1.3) that these solutions are stationary under all flows ¢; where
i = 0mod N. For instance, the solutions of the 2-KdV hierarchy are independent of
all even indexed time parameters and consequently give solutions u to (1.1) which
are independent of y and therefore solve the KdV equation.

Associated to any chosen solution I = £V of the N-KdV hierarchy, we associate
an N-vector valued function of the variables {¢;} and the new spectral parameter
z. Following [25] we define the vector Baker-Akhiezer function to be the unique

function J(z, t1,ta,...) satisfying

.. o - -
(1.4) Lp =2y == (L)1¢
ot;
and such that the N x N Wronskian matrix
U
29
(1.5) U(z,t1,t0,...) = | °
6N;1 -
rN-1
is the identify matrix when evaluated at 0 = ¢; = t5 = .... (We will ignore here

the case in which the matrix is undefined at this point. In fact, this is not a serious
problem since such singularities are isolated and thus the problem can be resolved
by using the KP flows.)

2. A Generalization of the Schur Functions
Let N € N and consider the variables hfc’j (1<4,5 <N,k e N) which can be
conveniently grouped into NV x N matrices
hllc’l e hllc’N

He=| : - k=0,1,2,3,4,...
N,1 N,N
hy R A
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Moreover, these matrices will be grouped into the infinite matrix M

Hs Hy H;

Hy, Hy Hy --- ---
Mo = Hy, Hs --- ---| }rows 0 through N —1

Hy H, Hy Hs ---| }rows N through 2N —1
0 Hy H, Hy, ---
0 0 Hy H

cooRmE ...
m

It is convenient to label the rows of this matrix by the integers with 0 being the
first row with Hy at the left and increasing downwards.

We wish to define a set of functions in these variables indexed by partitions
of integers. Specifically, the index set S will be the set of increasing sequences of
integers whose values are eventually equal to their indices

S = {(s0,51,82,...) | 8541 > s; € Z and Im such that j = s; Vj > m}.
Of particular interest here will be the special case 0 := (0,1,2,3,...) € S.

DEFINITION 2.1. For any S € S let f := det(Ms - M ') where the infinite
matrix Ms is the matrix whose j** row is the s’ row of M. Then we have, for
instance, that

Hy H, Hy H; ---
0 Hy H; H, Hj;
My = 0 0 Hy H, H,
0 0 0 Hy H

Equivalently, one could say that the element in position (I,m) (0 < I,m < oo) of
the matrix Mg is given by

(Mg)1m = h? i=1+UnmdNLj=1+@mmmUW,k={NJ—[ﬂ%

where hi’j =0ifk<O.

REMARK 2.2. The definition of Mg should remind one of the definition of the
Pliicker coordinates [11]. This is no coincidence; in fact we will see below that
the N-Schur functions arise naturally in the context of an infinite dimensional
Grassmannian.

REMARK 2.3. You do not have to be comfortable with infinite matrices to work
with the N-Schur functions. Note that given any m € N such that s; = ¢ for all
i > mN, the matrix Mg - My " looks like the identity matrix below the mN*" row.
Consequently, the easiest way to actually compute these functions is as two finite
determinants

fé‘v _ det(MS|mN><mN)
(det Ho)m

where Ms|mnxmn denotes the top left block of size mN x mN of the matrix M.
For example, regardless of N, f& = 1. However, for S = (-=2,1,2,3,...) one finds
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instead
1,1,2,2 1,2,2,1
o hyhg” —hg"hy

fS_ 1,1,2,2 1,2;2,1°
hy hy” —hy“hy

1,1
=t

=11
hO

REMARK 2.4. In fact, in the case N = 1 and hy" = 1, the functions {f1} are
the famous Schur polynomials [21] (cf. [24, 30]). Similarly, if we assume in general
that det Ho = 1, then all f& are polynomials.

REMARK 2.5. If we consider hfc’j to have weight kN + ¢ — j then the function
f& is homogeneous of weight Z;’C’:O s;—J.

3. Tau-Functions, Determinants on an Infinite Grassmannian and
N-Schur Functions

Quotients of tau-functions have recently played a prominent role in several
papers on bispectrality [4, 16], Darboux transformations [3, 15] and random ma-
trices [2]. In [15] these quotients themselves are computed as a determinant of
the action of a matrix valued function on the frame bundle of the grassmannian
GrV = Gr(HN) (cf. [25]). Here we will see that such a determinant can be decom-
posed into a sum of N-Schur functions when given appropriate dependence on the
time variables of the KP hierarchy.

3.1. The Grassmannian Gr". Let us recall notation and some basic facts
about infinite dimensional grassmannians. Please refer to [15, 24, 25, 30] for
additional details.

Let HN = L?(S1,C) be the Hilbert space of square-integrable vector valued
functions S* — CV, where S' C C is the unit circle. Denote by e; (0 <i < N —1)
the N-vector which has the value 1 in the 5 4+ 1%! component and zero in the others.
We fix as a basis for HY the set {e;|i € Z} with

€; = Zl'%Je(imodN)-
The Hilbert space has the decomposition
(3.1) HYN = Y ¢ HY

where these subspaces are spanned by the basis elements with non-negative and
negative indices respectively. Then GrV denotes the grassmannian of all closed
subspaces W C H™ such that the orthogonal projection W — HY is a compact
operator and such that the orthogonal projection W — H f is Fredholm of index
zero [24, 25].
Associate to any basis {wg, w1, ...} for a point W € Gr¥ the linear map w
w: H f - W
e; =  w;.

The basis is said to be admissible if w differs from the identity by an element of
trace class [34]. The frame bundle of Gr' is the set of pairs (W, w) where W € Gr™¥
and w : HY — W is an admissible basis.

There is a convenient way to embed Gr" in a projective space. Let A denote
the infinite alternating exterior algebra generated by the alternating tensors

{eso Nes, Negy, AN--+](S0,51,82,...) ES}
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To any point (W, w) in the frame bundle we associate the alternating tensor
|w) == wog Awy Awa A--- € A.

Note in particular that |-) is projectively well defined on the entire fiber of W (i.e.
for two admissible bases of W we have |w) = A|w') for some non-zero constant \).
Consequently, |W) is a well defined element of the projective space PA.

The Pliicker coordinates of W are the coefficients (S|W) in the unique expan-
sion

W) =D (SIW)esy Aes Aesy A
Ses

and are therefore well defined as a set up to a common multiple. Alternatively,
given an admissible basis w for W, (S|W) is the determinant of the infinite matrix
made of the rows of w indexed by the elements of S.

3.2. Main Results. Let g be an N x N matrix valued function of z with
expansion

- A
(3.2) g = Zszk Hk = : .
k=0 hi\l,l hiV,N

such that an inverse matrix g~! exists for all z. We will view g € GL(HY) as an
operator on Gr"¥ and demonstrate that the N-Schur functions arise naturally in
this context.

In general, an operator on the frame bundle [24] is a pair A = (g,q) where
g € GL(H") with the form

(3.3) 9= (‘g f})

relative to the splitting (3.1) and ¢ : HYY — HY such that a - ¢~ differs from the
identity by an operator of trace class. The action is given by

A (W,w) — (gW,gwg ™).

In the particular case (3.2) of interest here ¢ = 0 and we simply let ¢ = a so that
aq ! is the identity matrix. We will write |glw) = |gwa 1) for the action of g on the
frame bundle. Moreover, since this action is well defined on projective equivalence
classes we will write |g|W) for the class containing |g|w) with any admissible basis
w of W.

A main result of this paper is then the observation that for any point W € Gr™
the determinant (0|g|W) can be written in terms of the Pliicker coordinates of W
and the N-Schur functions:

THEOREM 3.1. For W € Gr™N and g as in (3.2)
(Olglw) =D (SIW)f5.

Ses

PRrOOF. The proof is elementary in the case W = Wg with the usual basis
{€s01€s15€s5,--- }. In fact, this is essentially the definition of f2 since the matrix
representation of the operator g is precisely My, and similarly q is My. So, gwg™!
is the matrix MgM; ! whose determinant is fY. The general case follows from the
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observation that multilinearity of determinants is equivalent to the linearity of the
map (0|g| : A = C and expanding |W) as a sum. O

This general result is especially interesting in the case that the variables hfc’j
are evaluated as special functions of the KP times ¢; associated to the choice of a
solution of the N-KdV hierarchy. Specifically, associated to the choice of a solution
L of the N-KdV hierarchy define

L k
(3.4) pid o= L O

e )

z=0
where ¥ is the corresponding Wronskian matrix. In that case each N-Schur function
is a quotient of KP tau-functions:

THEOREM 3.2. Let L be a solution of the N-KdV hierarchy with corresponding
tau-function 7o and corresponding matriz U given in (1.4) and (1.5). Give the
N-Schur functions dependence on the time variables of the KP hierarchy through
(3.4) so that

o ]
Ut =" Hiat
k=0
Then there exists a tau-function 7s of the KP hierarchy so that
fé-v(tl,tz, So) = s
70

for every S € S. Moreover, it follows that

0- () 7sfE)

Ses

is a tau-function of the KP hierarchy whenever wg are the Pliicker coordinates of
some point in Gr™ .

PROOF. Defining g = ¥~! € GL(H™) where ¥ is the matrix (1.5) above, the
determinant (0|g|WW) is a (projective) function of the variables ¢;. It is shown in
[15] (Definition 7.4 and Claim 7.12) that these functions are quotients of KP tau-
functions with a tau-function corresponding to £ in the denominator. Consequently,
using the theorem above we may write these quotients in terms of the N-Schur
functions to prove the claim. O

This is, of course, a generalization of the well known result relating Schur
polynomials and the KP hierarchy. In particular, that result is the special case of
the 1-KdV solution L = 9 for which

U= exp(z ti2°).

In that case, of course, the time dependent polynomials in the variables hi’j are
also polynomial in the variables ¢;. In general, that will not be the case.

3.3. Finite Dimensional Grassmannians. This would then be a good time
to describe the construction of the solutions to the KP equation given in Section 1.1.
Since that example concerned only the KP equation (and not all of the equations
of the hierarchy) we need only consider the first three time variables t; =z, to = y
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and t3 = t. One well known but surprisingly complicated® solution to the 2-KdV
hierarchy is Ly = £2 = 82 —2z/(3t+1). It corresponds to the tau-function 7o in the
example. The other functions 7; are just 2-Schur functions given time dependence
by

—AV(O)BIQFAIOBI(©)  (1450)8 (~AIQBI(©)+AI(©)Bi(())

g1 — 2(143t) 8 ) 22%
Py, 2) * Ai'(Q)BI'(@)—Ai'(@)Bi’(¢) —(1+31)8 (Ai'({)Bi(©)—Ai(®)Bi'(¢))

25 (143t)5 2
oo
= E szk
k=0

with ¢(y,2) = VBL(3)T(2)e %, ( =475z and © = ;ﬁz(;r%;i Then considering
3 3

Theorem 3.2 with the additional restriction that all but these six coordinates must

be zero gives exactly the Pliicker relation for Gry 4. More generally:

DEFINITION 3.3. Let £ < n € N be positive integers and define S, C S as
Skn={S€S|k-n<s<k—-10<i<k-1)}

Note that Sj , contains exactly (Z) elements. Specifically, every element of Sy,
corresponds to a choice of k integers between k —n and k — 1. Let

’Yk,n(tl,tz,---)3: Z stév(tl,tz,...)
SESk,n

where g € C are arbitrary parameters and define 7 ,, 1= 79 - Y .

We are naturally led to consider the coefficients {ws} as points in the projective
space P"~1C (m = (Z)) and to ask: For what points in this projective space is T p
a tau-function? The answer provided by Theorem 3.2 above is simply:

COROLLARY 3.4. The function 7y n(t1,t2,...) depending on the (}) parame-
ters ws is a KP tau function precisely when they satisfy the Pliicker relations for
the Grassmannian Gry p.

So, this gives us a procedure for deriving the algebraic Pliicker relations from
the differential equations of the KP hierarchy as in the example.

4. Discussion

That the (1-)Schur polynomials give solutions to the KP hierarchy is often cited
as having been the clue which led Sato to recognize the connection between KP
and Grassmannians [29]. This well known case is especially nice since it comes
from N-Schur functions associated to the simplest solution 7 = 1 and it is used
to expand the tau-function as a sum. However, the more general situation dis-
cussed here has similar applications in expanding quotients of tau-functions. (The
Schur polynomials correspond to the special case in which the tau-function in the

31 say that this solution is surprisingly complicated because it does not come from any of
the usual methods of solution. This solution is not related to a flow on a Jacobian variety of
a spectral curve, since it is “rank 2”. This solution is not solvable by the inverse scattering
method since it certainly does not vanish for £ — oo. This solution is not even among the
many analytically determined solutions in [30]. Moreover, it is this solution which was related to
intersection numbers on an algebro-geometric moduli space by a conjecture of Witten and theorem
of Kontsevich leading to a Fields’ Medal for the latter.
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denominator is equal to 1, so the tau-quotient is itself also a tau-function.) Such
tau-quotients associated with Darboux transformations are themselves of interest
[2, 15] and the introduction of the N-Schur functions provides a means to expand
these as sums with coeflicients constrained by algebraic equations.

One thing which is not yet clear, at least to me, is whether the N-Schur func-
tions have any group theoretic significance in the case N > 1. Certainly, in the case
N =1 there are very satisfying explanations of the role of the Schur polynomials
in the KP Hierarchy in terms of their orthogonality [29], highest-weight conditions
[7, 10] or representations of Heisenberg algebras [6]. It would be interesting if
one could generalize these algebraic interpretations of the tau-functions of the KP
hierarchy to the situation discussed above.
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